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Year 1 Complex numbers - finding complex roots & Year 1 Argand diagrams

1. fzy=2+taz+52 where a is a real constant

Given that 2 — 31 is a root of the equation f(z) =0

(a) write down the other complex root.

(1)
(b) Hence
(1) solve completely f(z) =0
(i) determine the value of a
“4)
(c) Show all the roots of the equation f(z) =0 on a single Argand diagram.
(1)

(al Givea one complex root of the cubic equation, = we kaow that the
second root has to be itS complex coajugate 2*

uS\'Ml rule that the complex co'\juqatc of Z un the fofm. at+bt

(S a.’Li.' !
ct 2 =2-3,
thea 2" =2+34

hence the other complex roef ($ 243

(v) (i) remembecing the Fundamental Lavw of Algebre for cubic
equation -polynomial of degtee 3 has txactly 3 rootS, either
* 3 real roets
"one ctomplex conjugate pris and oae realroot
- 0S weve fouad 2 oad 2% ue must novfind the real root
of the cubic

METHOO 1:8Y INSPECTION

et ‘t‘\c real root =B
“cln be uritkta in faclor form as (2-p)
wSing = aad 2% fiom (a)

(2+3() (2—36.)(7;.-3) = Praz+52

@xpanding the tomplex brackets first wsing

T —(svm of roots)2 4+ (product of fooec)

e b
Sum of roots-: an‘:.Z(az) (where 2 =a-3¢

N OO ormm
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=2 (1)
=4
Product of toots 1 22% s g,y

= 3taa

=13
(2 -42413) (2-8) 2254 ap 452
h.Ou expond LA.S -[wthcr

~Lalsld-Pa +%aB-I13B = 23+a2)

Collecl:mg \ike tems
23 +2(13+4B) - I13B z 23442+ 2.
COMPARING COEFFICIENTS

B=-Y4
...i.niqu:
=13 =52
SIRp=-4
:-réal rool is -Y
50 all 3 roots are 2t3i,-4
NOTE:couldn't compure z‘cochan; af vnknoun ‘o’ ¢n the RHS
0-} the equation

METHOD 2: using ‘roots of polyromials’ formulae

Let the {-hm rootsS be o<,B and ¥

vherfe o=2-1
p:l#!i

Yy =2
We art given the tguation of the cubic (n the form
arl+brt+cz 4d- 0
Vhete a=l, %0, c=q ond d:§2

f'c”\.Cmbecina the ‘roots of Pol,nomiqls formulace

" Sum of toAs S o =~ b/,

" Sum of product
palls :

"Prodwuct e+p¢llr
from the equation ve tan utilise the fact that b=

u.Smg ascociate d roots of polynomial fo(m
e = - '-/
20( °/|
2x=0
2-3i 4+424+30+4Y =0
WSing 342t s, 220,

OR



OZ cowuld've used fact that 4=0
us‘ing- associated roots of polynomials fo/mula

“-5‘.01 7-:;-“: a.;‘-l-b;_'
13 =-52
=) %=~k
SO roots are 2 ¢3(,-4

(b)ii) {-indina ‘&’ in a couple of vays
NAY ) ‘expanding QUADRATIL and LINEAR FALTORS
kaou from pact (b)Lii) that:
[2*-w2+13)(2+u)=233a2 452
expard L.H.S

B -Yg2,132 152162 +52
Collecé \ike berm S

2-brrs2z et raa s 52
Comparing 75" Loef{icient

Soas=—3
WAY 1: WSING ‘ROOTS OF PoLYNOMIALS' formula
From part (6)(i) we kaou Lhat C=a,
U-Si'\j the ﬂSfOCl.q{Q‘. roets of pghjnomiq[g folhqu\[a

-4 -y = 0oL
12 / = O
=)
= az-3
WAV 3 USIN¢ FAcTop THeORLEM

.-.v\Si'\i (x-o()
tUD = (-4)%a(-4) 152 =0
=)~64-yat+S2:0
=)-’Z"Ll»a:0
=) Yar-I
=) la=-3



Question 1 continued

(C) nead to laproser\t 243 f) 1-35)- Y4 on an Arﬂand. diaqram
rémembes how tomplex numbers athi afe represented as
(a)\a) O~ an Arjand 1l'qgn.m

*2=3{ repres€oted as (’)-3)
243{ repchén'l'ed nS (Z,S)
-4 reptesented ac (-l[)O)

Nwmlz)
3 X
—¥= : S Relz)
=3 4

(Total for Question 1 is 6 marks)
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Year 2 Hyperbolic functions - equations and identities

2. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

Determine the values of x for which
64 cosh* x — 64 cosh’x—-9=0

Give your answers in the form gln2 where g is rational and in simplest form.

C))

METHOD 1 :‘QuADRATIC N piscvisE’
recoqnise this as a quadratic in c.osh‘:clhme wsiuj ey swbs4i tution
to solve {ot x
let \‘:c.osh"x
. 6%y’ -64y-9:0
u.Sinl equation selvet on calc OR quadratic formula

4264 1mq)1_q(—Qx6u)= AT Y
128 128
=64*80

12¢
=)y: IR L =4
g 8
OR y=-16 ___1/8
Culal.'mg cochlxc back in V28
coshix =9/g or ~V/g

Lnote canmet square root o
negative | eeject ghis folution

coShx :{,-‘T/g
but rcmlmb.!lin’ the shape of the ijOf'nx: fvndfofl.
TY yzeashac

N

)

=) woshx 7|
L rejetking - ve solution

gtl: coshx= °'/¢

N0 ormm
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nov ue have Z ueys to jiad x
NAY | :uSing inverse fuaction

wsing inveise cosh function formula

Hyperbolic functions XT ars(o s)‘ (ﬁ )
sinh 2x = 2sinh x cosh x = l " {‘r} + J J-7-‘) )
cosh 2x = cosh® x + sinh® x l n ( W + ‘ 0/9

arcoshx = Inf{x + Wat =11 (x=1) s + l.‘ (.’T/S +JT)

cosh? x — sinh” x =1

arsinhx = In{x + x* + 1} l"’ (.'/fi)
artanhx = L nf 15X L wsing the rationalised form of the fracdion
artanh x 2ln[l_x] (]x] < 1) =J ln (l.,ﬁ

=z l'\.(E)

but the qutstion agic for % inforn aln2, so revuelqj

tin (L) as#in2?
and using pover log lav,i.e toﬂm znlogm

. x=*hin2
WAY 2: WStng exponential definition of coshx

we knou that tofhi: -i—(ex+e-x)
Sul:bl.'\a this into coghx:fg_/q - gi
¢

1le*se™) ’5%:'

l:dkmt‘ to one side
M -3, ) =0
ﬂ.ohtl !l\qt this s a ‘quadlqiic

in disquise’ (quqdmfcc ia €*) S0
Solving wsing o ‘y' subsiitution

Let ‘1 se¥x
315'3 +)=
using oa,uquoq (o\vcc on calcwulator
4= or N
Swb ¢* back in
-e, J2 or / '/ﬁ-
for x I:‘\\ma’ utuul. log€ of beth Sides
=) =lnJz
T) x:la2%
xs '/2h.,7_
OR
=inYg3

*ln (2).%'



.'.x:-'/)_l'l.(l)
T 9t= i'/zln(z)
METHOD 2:usinqg HVPERBOLIC IDENT)T)ES

noticins that the 6l4coshioc (S common for the ficst 4uo teimss
.'.fqt'tOr\'fl'ag it out
D ==

Eycoshii (coshix-]) g =0
now u.si/\g the main hypetlelic ideqtil
COSh¥x —ginhiy = | (duived from pacametrise]
eqwdtion for a ‘ljﬂllaoll)

and reﬂrru\gi‘\g to qive
Shlx <) = sin hiy

nov uQ tan seplace bracket wilh cin) 2y,
6Ycoshtyc {Sl’vp,l\l;c) -9:=0
=) 6“’(09‘\2)C$inhzx -q =0
uSing the hyptibstic version foe the gin double

angle formmla
Sinkh 23¢:2sinhxcoshx

Sinht 2y “Ysinhixcoshiyx

16 ( ) =19
16( )=9q
=) =Q/,6

Squale tooiinj both sides
Sinh2y = 4 Y = 1'3/,_f
wSiag inverse sinh formule <a formule book

23 = arsinh (%)
subbio\aj X34 into above formula
2x = ln(3/q +J(3/q)‘+ l)
Ln (¥ + a6 57 )
L (34 4 JT%, )
S \n l,"/q +4 'r/q )

T 1n (8/4)
L = 1ln 2
Jc- '/z,f\.l

nov Sul-l.iqa ia Xz=34
2ic = (30 +f34 1)
=In (-3 s [277¢)
la (=¥ + 54, )
-(n (14



2 :-l"l().) -
“t xc-Yaer)’

SoX A ()

METHOY 3-: Ustnq exponential definition of tosh(x)
revriting qiven Lquation wSing the ex
Coshax: 3 (¥ yo )

64 (1le*+ex))" - 64(z(e*re)*-q =0
expanding throuqh

oy 2
79 (e*4e-*)4 -gqi(e"-re"‘) -9=0

U-Sim] binomial @xpansion for the exponential termg

poneatial dfn of coshx

% (e, 4o Q" +6e2% % 4 yetgie e')-44 )-a-=
expand aad Simplify

™1 166 oy 116e o™X _ 1862 <32 - 16672 - q =
collecting like terms

@

LolX -0

LGe**-13 + &+ _p
e

xe'UC xe‘l*'

4e ™ -13e" 1y - 0
fCll-’S?nj this is q ‘quadratic in d',sgui-‘-&’ (in e"")
Tt USing a Yy subslibulisn to 9et x

let y:e ¥

. Myt Ny =0 :
uSing equation folyer calc or guad(atic formule
9= 1+ 2)-13) 2y (4) (y)

44
T+ t)agq_cy
—_— 18

&
|35

—_—

o)
:.0.1:‘%::‘4 or '/q
vabi«ﬂ €' back in
PRI
tulu'q, logs of beth sides
Yxzlny a2l

Ux =2)q2
X Y112




Question 2 continued

taliag Logs of belh sides

- o~
— - ZL
~
IR IR
T8 2w
" - [
W w Y ow ..m
> I AR IS VI
[V , & F T —
"
2
[ -]
<

(Total for Question 2 is 4 marks)
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Year 2 Methods of differential equations - solving first order differential equations

3. (a) Determine the general solution of the differential equation

d .
cosxay + ysinx = e**cos? x

giving your answer in the form y = f(x)

3)
Given that y =3 when x = 0

(b) determine the smallest positive value of x for which y =0

3

LG)-S“aijkt auay Ue ¢aa S0e that we cannot solve thig fitsk ordec
le((Qn“ql Qguation b:, as of invelves an
ad t v [ d ds

dition rather than a product of 2 varialles an =)
.next  see (f Ve cdn wSt the

- COnSidering the LHS 94 the equation -

&(3)- v
e\
cosx 43 +4r'¢>c

| R

L (cosx) g sinx X
~not reveise Pfolwtl'm\e
"hence the onlj vay is thlwgk intreducing dn -
but {itst, need teo je{ epmation (a tne $0rm
d -
ﬂc"’ Py =&
netd po divide eLrough by cosic

cosrcdy 4 ySinx =e* cosix

= cosx 4% —cosiC

4y | ylenx = €¥¥cos
T * ytenx X

multiplying thiough by seck
xsecx 'l(.,). t\'a xsecx

_1 secx + J_ug\mc e
dx
- u-i (mxl sSecxctany

N OO ormm
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NOv LQ Caa check for raverse product vule (QLOV.Q,)

. v’
. Can reviite Qquation as the duivedive of 1he prodyct of
fele and Y4

f;c l_j.cecx) =X
integrating kedh sides and soving qor 4
f%x (yseex) dx :\(e"‘dx

yseex e, ¢
Tleex  <secx
4: ex c
25€XX  Secux

oR _,
v- ‘;‘°$Jceu 4+ cosx ¢

Y20 (1) 0%y ¢ )

(b) .'.!anlql solution to the differential equation iS
Y= cosx (Y et<4c)
‘ U.MM- difereq4 values £y, /c* give different patticula, solutions
here wa're qiven the values needea 4o get €he ‘¢’ for ome patticular coly linna
kab'ms X209 into gereral gyuation
3 =cos(0) (%e2'D )

= 3 =) (‘/;(l)-lc)
=)y s
<) ¢-> .\'/l

SPAIdiculal SOIaéjan 1S

3ol ee, o4 )

= C°$JC('/1¢“‘4'4)

- uhete Cocx2 D

1

\J/ M/P X

LI/,

(Total for Question 3 is 6 marks)



Year 2 Series - method of differences

4. (a) Use the method of differences to prove that for n > 2

P RECY

“4)
(b) Hence find the exact value of
100
()
In
r—1
r=51
: : b :
Give your answer in the form aln| —| where a, b and c are integers to
be determined. ¢
3

(a) femembtiing Lhe gentral formule needed for finding summations
u.Si-\J method of differeaces

S = S40r)-4les1)
rz)

ral

in this question, rz2 aad “,zh(r_r_")
=

~NeLA to (h&nge ' into 72 dnd use the
to qet a 'diff erence! of tus fuactions of 7"

covple of ways to evaluate the summation
WAY | : NVMERICAL METHOD
evaluate alove for r=2,3,4 1...),a-2 n-1 and '
Uz \nf3) =jall)
u, ::\n/‘:liﬂ -Ja(1)
wy :lafr) -latd)
i e

Waoatla (n/l) -l;\/ﬁ\.-.ﬂ
Ma-1 ta(n) - l/fa-n

Ua ftla (aq)) - l7/fn~')
nodtce the CANCELLING tecm S

N QA ormm
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Question 4 continued

LY+ v ith te/ms undefined
4

n
éz\n (:—t:) 2 la(nY+1a(ne NE L) La(?)
= ln(n) Flaln+)) - 1n(2)
usiai and log laus

)

as cequired
WAY 2:MECHANICAL METHOD
ruost\iSC

mo(e gtntml(, al:

:2.-;+ (ear) - $Ce)

uhtte () =1alr-1)
Y & Fler2)y=talr+4}

evaluat i'\j above for r=2,3,4 (...j' h-2)a-) 2

W f(ﬂ-f‘ﬁ

uy 4 40T = F(2)

it §(6)-f14)
: 7

Un-y 244 (4] - (4-2)
Ma-v i L(ag)) - gln=1)
Uaty flasid ~FL~)

notice the CANCELLING fuaclions
Left vith functions

2,10 dale-1) = f(asr) bhtraa] = (24 (3)
subbing lafo abeve dofinitions

adediaed
Ln(Ml)Hn(n)-lq(z)w “

usinﬂ and

=) l«(""‘“\)
2

9

srmm N O Turn over
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Question 4 continued

(b) notice the differeace bedween part (a) dad pari(s) - =104 A= | and
uhele Summa bfon is raised €0 «

let's deal vith the first
00
' (2 1
s ""'J
wsia (68 bring the pover as a coefficitat

in ftoal of the ‘sigma’ notatin
e 100
3§S5 ln(&'
r=s| r-l
Now need "usinj the formula ferubes ral

n a k-1
2ty =2 4tr) =54t}
rzk ral r=l

ouwt uith
60

16 (S () - 2 ()

and sn%iﬂi 7« N=100 uh{mt aad n =350 info seconl

e N R B

= SS'(M (S‘OS‘O) -ln(n.}r))
u.sinj
23 [t (2D

= Zflv\.(_z_g_;
s

(Total for Question 4 is 7 marks)
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Year 1 Matrices - finding the determinant & finding inverse of matrices

5.
] where a is a constant

0
2
2)

(a) Show that M is non-singular for all values of a.

C))

(b) Determine, in terms of a, M'!

(a) Ve kaou ‘l‘-ql:'{:o shou that the mat/ix M (s nM-S;qaulal; ve nead to shou

that odet(M) %0 (i-e i€ DOES have an inverse)

M..ﬁni the {blwm(a. for d(i.o{- 3x3 matrices
Jhele
-Jja b e
A'(de{)
q |
det(Al-ale +|_, |a d ¢
Ik i’ b,q”“"q h)
S\ALLE«J ia values for matrix M
at(M)=al3 9] _sj2 0] _,12 3
A2t (M) (LZ’ 2/%1 3)‘f°~/
a(6-0)-2(4-0)-3(2a-12)
6a— &-6a +36
=28 *0O

e n.Oq,-s ;qa‘. l Rr

(L) usunlly can caleulate M~ wsing a calculnéor-but here the uniqouy
‘a'requires ws to0 find the invuse maawally
. A )
ste r: — - ==
P deE(m) 28

Step 2:matkiix of MINORS (the det.of tne 2xd-matrix Lefd
ajtte dule ting All f0uS dnd column§ fhqt contain Un.elzmené

"o

O

; R0 O O R
p 71 7 7 6 A 0 1 2 3 2



DO NOTWRITEINTHIS AREA: o

Question 5 continued

N = ’6"0 "l"O 2a-12 / 'y & 2a-12 |
$-(-3a) 2042 q+-8 | = {%sn. a2 a'-¢ )
0+9 ot6 3a-% \ 9 6 3a-¢ /

step 3 - folnm a matrix of w-_fqdols (change the siga of those with
—VQ)

¢ [0 -y 2a-12 \
:-F-i C- —4y-3q 2a+12 -q24¥ \

i 9 _g 3a-v/

., ot Rt
}-'h-ta-l

laces of he folloving -

(a'l 5;{ L cTef/6 -4-3c 4\
N g h

g "'L" 2“.""2 o
2a.-12 &-at 3a-q,/

N~

S K -.:-'— &
tep S° m ;C
=) [6 =-u4-la q \

—

8/—1 20412 €
\2a-R g-¢* 3a-%

(Total for Question 5 is 6 marks)
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Year 2 Calculus - integration of partial fractions

6. (a) Express as partial fractions

2x2+3x+6
(x + 1)(x2 + 4)

3)
(b) Hence, show that
2 2
J' 2x24+3x+6 dx:ln(ax/i)+b7r
o (x+1)(x* +4)
where a and b are constants to be determined.
4

la\USuall] in. Pure Year 2 ue'd have the pactial fractions as

2xt+ici6 A L2
e 1) (xc44] 2+l iy
bwt here (q FI"l‘vQ need the numtrators of the partial fractions to be

as 3eneral as po::iLlc’so if there is o quadu({c ia the &onomiv\afor'
thete has tobe a Lintac telm in the numerator

2xt+3x+b _ Bx+C
Coxc+)(>x+4)  x+| x3+ 4
prepating o solve for ‘4',’8'and ‘C'

2x? +3x+6 s A(x*+1) +(Bx+C)(x+1)

WAY | : by subséitution
making 2ach bracket equal to O

2x't3c46= & (x+7)
sub jn X--|
20-12 +3(-1+6 = A((-1)*+4) + (8(-1)+C) (-1 +1)
¢ = sA
=)A=|
2(01*+3(0)+6 = A((0)+4) HB(0)+C) (O+1)
6 =UA+C
6=u()+C
=)C=2

14

R0 O ormm
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Question 6 continued

2(1)t+3(D+6 =a (1) +4 ) +B((+)(1+1)
1) =sA+28+Y4
Il =S()+28+Y4
=) 28=2
8=
~lxt43x46 _ ) x42
(eal)l2+%)  x#l ¥ Sy

WAY 2:comParing coefficients

gtiéing the B‘A(k:f form of egquativa
2x2+3x46=A(x +4) + (Bx+C)(x+)
expanding R HS and ¢ollecting Vike terms

2x'+3x+6° + +UA+(
..-cOmparing x?: ...(0mpau'v\s X ...wmpqrina constants :
-O @ 6=4A+C -®

u-Sl'c\j (1) and (2) to get @rptession foc 8

@quating: 2.pz3-C
SO
nov solving (3) and (4] simultaneous!y
by subcti{fioq - from ("l').
sulb into (2): £=UHA*(A+])

=) SA=¢s
:.Sub into 1Y) for ¢ =) A=l
C=l4l =2
and sub into (1) fec @
2+ =B
8:-2

coAxtadxd6 L, x42
(x+1)(xt+4) = X4 xtsy
(b) statbing with ingfat integration of {ractions using above

]
2x" 43K 46 4, __,“‘_l dx t(_x:_-f_z bx
Cx+1)(x?+4]) X+| xi4¥

15
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a N

Question 6 continued
nov for {kefractiongl-expression oul of the thiee methods shoun:
¥ | N

WJe consider 'Spl.i“ing the mﬁ.mw and
Fractional expressions / i"{-ejlqh.ng Qach pycé g@pﬂldf(l:,

4a. Can | split the numerator? [ x4+2 _Irx .
Is there a single term in the denominator? J 2 be—= Jx2 o
. , x'+y X 44
4b. Can | do partial fractions?
Does the denominator factorise? considering the (nt eqre ( l.ish(u!kl ed ' blue ;

4c¢. Can | do algebraic division?

Is the fraction improper? ue see that it can Le ‘ﬂfe!lﬁie* u‘;"!

réveise chain rule

riC_ A tonsidec: Lnlx?+ Y/ -
\xt4y

differentiate : 2%

(¢hain rule) X°+Y

nou need to scale i/
the dif{-to get integet <

how (bnSidelin! the l'nlﬂ!ul l\{ﬁl\ligkﬂd pink -
€2e vt ca~'l use any of the three methods
above, o looking in ovr FORMVLA BOOKLET

for Somthing of {orm f.L b]
L yartxX

lsee INVERSE TAN formafa )
i} . ~ i
qeiting out tateglal A a \-\

similar {orm 1

2

N|=

= arcdaa(E ) +c

O PR dwrg T+ ardaa(E ) 4 ¢
X2+
—y [(1x¥43x4C
=) | ~xte .-_[nlx+I!+:'-I«Irl+‘l)+a“*"‘(§)4c
(x+1)(xt+¥) :
& S

16
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DO NOTWRITE IN-THIS AREA

T A S i 0 % e i iy R e R gl

DO NOTWRITE INTHIS AREA

Question 6 continued

nou patéing the limits in

O0mm

lnlx4]] 4 {l.\lxhq/fwdm(.’;)]o
fin i | +-;_Ia| | +atctan( )J-Cln(l)+z—'lc\(#)+acdan(°n

=) In V2] tln(22) +/4 -Ln2
pioduct thea guotieql log law

lnl&i;Lﬁ, -if"/cl
=la (32| +/y

— ¥ N\ |

Reminders:

Students find fractions tough as fractions can be so many types.

Check first (and throughout the question) if you can simplify by:
» using basic indices rules to simplify and expand hrackets
o xOxxb = xatb
20

X yeb
o SI%
= means 2 x71
° ® 5 ' |
a
o (¥x)Por Va¥ = xb
| > Factorising and maybe cancel first

g Is there a single term in denominator?

split fractions using ? = %+ i—' or(a+ b

Then ask yourself: 1
1. Isitan easy power type? [ x"dx = ):_: ‘

2. Isit In (natural logarithm)? Form f%dx
l To recognize these, the power in the denominator is (almost |

always) 1. When you bring the denominator up to the
numerator using negative power indices rule you get a power

of—1. By adding one to the power and dividing it, you’ll end
up dividing by zero which you can’t da

@ .. B
T 4 = G + ¢

Method: copy In(denominator). Remember ignare then
differentiate to check you get what is inside the integral -
correct with numbers only, not variables and only correct by
multiplying or dividing. We can ignore the pink part since the
| derivative ‘pops’ out when we differentiate and we know
when we differentiate our answer it must be what is inside
the integral).
3. Isitbring up and harder power type? Bring the power up and
becomes the form [ Fif) dx = %+ G
Recognisable by a power in the denominator other than

[(u;—‘fm = [ 4x(2x% - 10)3 dx etc
4. Is it Partial fractions! Recognisable by products in the
denominator.
A B
LI et e ]
N Wy WL 1
(dx+e)(x+g)?  dxte ' fxtg ' (fx+g)?
(only advanced courses have this form)
_ A Buc
(dxte)(fx2+g) dxte ' fxZtg

Form 2

Form 3

5. Isitdivide first? Recognisable by twe or more terms in the
denominator and also where we have the matching highest
powers in both numerator and deneminator or a higher
power in the numerator.

6. Rewriting/adapting fraction in a clever way (split up the
numerator to get two fractions)

7.  Isitinverse trig? (may need to complete the square first)
Either use the inverse trig results below or use a trig
substitution

1 1 b
f —_dx = —sin’l(—x) +C
a? - (bx)? b a

f—;dx = lccs’l(b )+C
Va? - (bx)? b a

1 1, (bx
fﬁdx:—tan (—)+C
a’® + (bx) ab a

p 71 7 7 6 A 0 1 7 3

r Question 6 is 7 marks)
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Year 1 Complex numbers - arithmetic with complex numbers (multiplication and division)

7. Given that z=a + bi is a complex number where a and b are real constants,

(a) show that zz* is a real number.

(2)
Given that
zz* =18
z 7 42 .
z¢ 9 9
(b) determine the possible complex numbers z
)]

(a\ f!membeliv\j the general expression for the complex Ceajugate 2* of
A complex f\umBU' 3
Cf 2 Satbi,
2¥=a-bi
=)afﬁin1 for the product of these
(at+bi)(a-bi]
4 Y 2.2
= a +9k¢-a}/l—bt
- az_gil

know i:J—l
¢ ==

2 qt-b*(-1)
Ta'+b? which EIR (Lelongs {0 real aumbers)

() METHOD | : using {he COMPLEX NUMS ER form
starting vith the fact that 22%-13

dnd thus Subbing in feom (a)
to yet aa equation with ‘a' and ‘b"
a+b* =8 -

nov wiing L ¥, 4B
eVQl\AA“nj (AS xa+bt 1

z . atbe “:i lisiaq deaominato
an T ooy (ratfenalising dtnominatoq

xa+bt
= 2} (=R -
K +labe-§ :-{--I-ﬂi(: _@
at+b? 1 A

18
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Question 7 continued

c6mponlats of tquation @

equating dhen
ef(Z \- z |- -
l (z'\ ﬂ.l"’kz ,m {—;l)- a1+6l-
= = =zab. &l
- q ’b :“'l' -@ ‘) a_L _ '.'ri
9 q
=) ab=4J2 ®

nowu s‘olvin’ ® aad @ si-nulhneouslj (e(imina\ring a‘)
az4+bt:[8
at=-biz 14
2b2 -
-z Lz ;.Z‘Z
=) b=:tlz

Swb this iato (1)
at+(+R)! =18
at+2-18
at=1¢
=)a=+[i¢
=1y
this swggesis that there are U4 possible complex numbet combinafiins,
but '.I.Q(lu'q’ with to sae i[- all york with it g5 we(l
ab = Y4/l2
~either a=Y b=J2
oR a :-L(-' b:—E
S2z=y4faior ~4-Na¢
METHOD 2:usinqg MOD-ARG §0rm
kaow thet 22%=18
nou trying to evaluate
2z X2 (ratiOnalising denominator)

2% x
= 2% _ 2% 2
- = = . -3+ 4J2 -
22 ¢ = = =4 =
xig 1€ 9 gq x18

19
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Question 7 continued
tvining ¥? into mod-arq form
r =12l = J 9 +(e R )}
=Jl16+ 128

s 18
O & =l2{cosx+icin=<)
where tan<=b - 8L -4k

Ay ¥

heace square rooting to get 2
(means have to halve M,le ia brachcé\

L= tJTE(cos%-m’si«g\

kej here is tv find valaes of toS’—; and
... Stacting with tOS‘%‘reto’m’Sl this as pact of the
cos double cmsle resalb
cosax=2cost Yot —|
...reacrange to get costhhe

coshe = oS +I
2

~coSho = * ‘i(u-cos'x)

and ve can {ind CoSok uﬁn" the

_ ¢ (o) tan x above
‘Ea'\o(- Tl-l (A)
. {18)
Y
gl -'-COSO(:% 2%& :%
o
14
S H=JgR P )’
= |g—
Su blu’ns this result into expression for cos*he
cosE =¥ |\+a/,'
= 4 8/q
= 25
3
20
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nov ue need to find uhith can Le fovad using the
Pgtkdﬂolcﬂn idlt\{-?{]; 5(%%4.(.05',% =1

=) -l-(z—;z)":]
= = I__S/,
=) =|/q
=) -.-i'/g

Nov we can gup ingo the prev-exprassion for &
i (Fayi)
rhg
=) 213(‘( "'E()
METHOD 3 - wsing EXPONENTIAL FORM
knou that 22%:|¢

atb?=1g -©®
noy convert

atbi=re®zy(coso+(sin6)

a-bi=re®=r(cocp-(cinp)
wWSinq 3> (p®

x g

. = ¢0s5(26) +isin(26)
equating Yo RKS

€0S2D + isim2d =3 . 4 Py
equﬂfing 1 1
2 .
“e():
wsing cos double angle formula to qget
CosO and sinb
2¢0520 —) =9'/q
2¢0s20+ "/q
<2

<2

0sto + |
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Year 2 Complex numbers - expressing high trig powers as multi-angle functions & Year 2 Volumes of ‘
— F€Volution - volumes of revolution around the x-axis

8. (a) Given
1
Z+Z_n:2COS”0 neN 8
show that 5
=}
32¢0s°0 = cos66 + 6cos40 + 15c0s260 + 10 :Eu
) -
vA | =
| o
R : =
| m
> X >
x=4
Figure 1 Figure 2
Figure 1 shows a solid paperweight with a flat base.
Figure 2 shows the curve with equation 8
X =
y=Hm§(J -4<x<4 <
4 =
. . . ! : X
where H is a positive constant and x is in radians. =
5.4
The region R, shown shaded in Figure 2, is bounded by the curve, the line with equation Z
x =—4, the line with equation x = 4 and the x-axis. g
04
The paperweight is modelled by the solid'of revolution formed When R'is rotated 180° ;:S
about the x-axis. o
Given that the maximum height of the paperweight is 2cm,
l (b) write down the value of H.
) |
(c) Using algebraic integration and the result in part (a), determine, in cm?, the volume | ‘
of the paperweight, according to the model. Give your answer to 2 decimal places.
)
[Solutions based entirely on calculator technology are not acceptable.] CZ>
5) S
(d) State a limitation of the model. ;EU
(1) 5
Z
=]
(o) ehe question is asking to express the triq power of 3¢ 050 as multiple -
aagle fuactions (cosnO) =
=

so fitst re-urite c05°6 Straight awvay using qivea identity that
2%+ 3" =2¢050

22
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Question 8 continued
L.2 1)\é 6
(2+5) = (2cese)
= 64u0ccp = R.H.S

now want to expaad the L.#.S (8inomial expansion\
€ '
(el (B)al(ve)+ (§)(ta) *(S)a (il + ()22
(§)22(%)" + (§)a(va) + (&) ao(v2)®
and simplifying
3 y * Is , 6 \
co\leding like terms
(zc.,. 2-6) 4+ 6(29 42 ) +IS(22+27%) +20
. uSing puev. l’dml'ifj that 2"42""=2cosn0
(2c0s¢O) + 6(2c0st0 )‘”Y(Zcosze) +20

= 200860 +12c0546 +30¢c0s20 +20
AoV e{uﬂi«j fo R.h.$

20560 +12cos%0 +30¢0520 +20 = 64¢0s€0

but in question have expression for 220066
“need to divide by 2
=2 <2
= (056 O + 6¢oS¥O +15ce520 + 10
asS required
(b) notice this IS o ‘modelling’ velumes of revolution questien
Lluﬂ'n‘ the that y ..=2 and the curve

y: Hcos’[%)
Y is max- Uhere Cos"(l:,ir‘lilj-c_:f
(uheu coco=1)
6053(%) = |
jmax =H (l)
= 2 (1)
SH=2

23
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Question 8 continued

3 rememketing the formula for volvmes of revolution
V= I\'I \j" dix

but hete ve have volumes o} revolution
need half of above

Vi3 ydx

here

Svui-\j into abeve g4o. and hlu'm, coefficients gut ¢a froat
\VE ﬂi‘l Ico:‘(%) dx
=)y =2n‘(cos‘(-‘§)4.\c
rewif'ma cosé( X\ as part (a) 9 =32 ank 054
- 2n x =
<1 I(¢°$(6x %) + 6eas (4 .,\NS(M‘(J.X.{;.) +|o) dic

- -{—L— I((os(3/2x) + CCOS’(X\ + ,SC°S('§') + IO)‘I

P\\f‘l’iﬂi ta the
find ntequal and %2 (due te S-Jmmqhu of curve)

L (1 (codihx) 4 Ceostx) 15 c0(%) +10) dx
o

’ﬂ? [.2/3 sin (3 x) +6siale) +30sin(E]+ mx]o
using “\(alu(.] Ax s T';f“k'“ ].g

%({[%sia( ) + 6sin() + 20sia()+10 l—(oj}
-evaluqting on calc:

=\12.1 8 x2
=24 S€cm?

(d) possible LIMT4TIONS
- equation of fhe line may not be suitable
" meesurements may net be accuiate

'plpclueighf may not be Smooth

R0 O O AR ormm
p 71 7 7 6 A 0 2 4 3 2
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Question 8 continued
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(Total for Question 8 is 12 marks)
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Year 2 Calculus - improper integrals & Year 2 Hyperbolic functions - equations and identities

o

9. (i) (a) Explain why J. coshx dx is an improper integral.

0

1)
(b) Show that j coshx dx 1is divergent.
0
3)
(i1) 4sinhx = pcoshx where p is a real constant
Given that this equation has real solutions, determine the range of possible values
for p
(2)
Ce)a) Lmsidev{qg the where integral is ‘improper’
CASE | ‘uhea theveis g ‘oo (a On@ of the limits
CASE 2 “uhea inteqrand is distoatlausus across the givea inferval
here,see that thete is a ‘0’ ia the limit which (s why 's
(b) even uhen the integral is ) \f ve get it o

thea we can find the (qi-eglu(
but if the fuaction diverges its integral cannot Le integrated

here v need to shou that (ntegral diverqes vhea t e
evqluﬁa, the i«fegm(

I:gos‘kr dx =t :coﬂ.x dx
LAY | :using hypecbolic functions (ateqration
’t'_‘."; Csinhx]s
= lim, G siakt —sinh 0
2 lim Csinht]

as E-uﬂ, Sinht =300

f:wshr dx (s divergent

UAY 2: uSing EXPONEVTIAL DEFINITION #f coshx

Lim [t -
breo o L(e*ve "‘) dx

26
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DONOTWRITE IN-THIS AREA

2 X < g X P e o

T e < o e T e i e <

DO NOTWRITE INTHIS AREA

Question 9 continued
Lim L f;e‘fc'x)d:c
tto0 2 o
lim ¢ x -x7¢
two 2 [e -e ]O
u - -
S et et (ene)]

v, 3 §et- et-0-1)]

taow
tim 0 5€ ) -t
t—0o 2@ 2 ¢ x

Y yse
oSt 400 et— 00
t—+ ) e %‘x

-t
as t-—*-ole -0 \'ﬁ

——3C
hence /o ‘1

fatosl\xdx (S DIVERCENT

(ii) Yeinhe = Pcos'l\)c
Start by — corhx

Yytanhx =P
tanhx @
[y

need REAL solutions
.'-Lonfc'deu'nj ystanhx fuaction
(belou )

[-ov rea| solutions need

; “letanxe |
e g,_.;.,_.r. —1L p/y ¢ |

=t i) -4 c P Ly

(Total for Question 9 is 6 marks)
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Year 2 Modelling with differential equations - solving second order non-homogenous differential equations

10.

Figure 3

The motion of a pendulum, shown in Figure 3, is modelled by the differential equation

2 |
( a9 +90 = lcos3t
dr? 2 \

e

where 6 is the angle, in radians, that the pendulum makes with the downward vertical,
t seconds after it begins to move.

(a) (i) Show that a particular solution of the differential equation is

0= Ltsin?’t
12

C))

(i1) Hence, find the general solution of the differential equation.

C))
Initially, the pendulum

* makes an angle of 3 radians with the downward vertical
* isatrest

Given that, 10 seconds after it begins to move, the pendulum makes an angle of
l a radians with the downward vertical,

(b) determine, according to the model, the value of « to 3 significant figures.

€ i
Given that the true value of « is 0.62

(c) evaluate the model.
1)
The differential equation
d20

—+90 = lcos3t
dr? 2

models the motion of the pendulum as moving with forced harmonic motion.

(d) Refine the differential equation so that the motion of the pendulum is simple
harmonic motion.

0y
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Question 10 continued

(a.)(i) canr show that thiS ¢S the (need to find th;s uhea
oleah'aj bith noa-homoqeaous 2.0.0.€5) 11 2 vays

WAY | : differendiating qiven the P.C to get aquation

=.L'\:ﬂ°ll3t
using plroduct rule
%Ee.: T|il_(3cos3l.) +.|'75in.§-£
- %&COSS‘: *1'257“3‘7
wsing plodud rule
426 .
At = G E(-3siade) +Loosit v L cosye

= =¥yt sia3t + Jeos3t
- Subbing into equation to cee f get
= Yy tsin3t + Ftos3L 3/ tsin 3t

= zltorZ{- =
:othig (s the pacticvlar solu¢ioa the 2.0.0.F

WAY 2:finding the P.C

tookins at the givea particular solutio n, Ve can fee that (4’ vs presed
tn order 4o preveat a multiple of the
C.F btin& prestal (a the P.I

/ heace tel ©=Atsialt
product rule

Form of f(x) | Form of particular integral

— ,-. °-:l-° =\ sin 3k + 3 teos3t
ax +b | A+ pux t
ax? :{l;:{ + ¢ | A+ ;:: vx? %el T3 ')\c.os'?rl' + 3“(0‘3'&
e | T = - 2tsingd
TbAcos3t-q tsin3t

The particular integral must not contain any term in the .
I ary fu . If it does, you'll need to add N -
04 possibly even e 21 front of your umIPL form 6 Nec3t ~ Attine + 9 %u = geosit
!
=)6Ac0s3t = Feosdt

comparing Lo ¢ Hicieats

m cos wx + nsin wx | A cos wx + psinwx
Q WARNING! L/ Su“io\q into LAe givea 2.0.0.€

29
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30

Question 10 continued

6=

: =6

P.T= 75 tsind€ asrequired
(&) (it)remember C.5 = c.F+

we n(f&ulj knoy the P.I so \et's wock out C.F

A-E: m*19:=0
=) m:'_fﬁ
=) msF3y

\As(ng the /i

fionS’ form (. uhea

¢.F = Acosit +8¢iadt
-~ 6.S =AW 8sindt + \-in'fhﬂ

(b) 6.5 repaseats a vhole family of soludions vhete differeat ‘4’ and
‘B'values represent Aiffereat particularc colutions

hele ve ance looln'nq af ke {‘ﬂou,’as pad-'tulae conditions
uhea €0, 6 =M

vhen 't:'o‘ _(_9: 0
at

S«Hu'-\s thtse iato G-S

o zAcoslo)+ Bsin(0) +5 (0)sia(0)
=)A= "'/5
dO Product rule

Te = ~3Asin3t 43Bcos3t +.- sindt + -&coSZt
0= =-3A (sinl0))+ 38 (0) +3310) 4 £ (0) (cos( o))
=) 0=38
=) _.=0

“kady that F.5:0 :f'/s cosdé -}T'itsiv\s{.

AOu need O vhea t=10

= f/3 cosf (lo)) +-|-;-.( (o) (sia(30))
= wfy (54) + 5 ()

0 < -066122}..

P& =-0.662|(3¢5f),

p 71 7 7 6 A 0 3 0 3 2
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Question 10 continued

Cc) 0.662 is close o 0.2 ->q00d mode( at t=10

(% ecwor s 0.6C gzs.- “0-62 100 T 6.745% LI0Y
.62

sowitalle ~vdtl )//

(d) lmouir\g the S.H.M equaiion as x+w'x:=0
need to adjusf ovvs mn-hwojcquf
2.0.0.& €o
d*e

Te* +96:=0
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Question 10 continued

~

(Total for Question 10 is 14 marks)

TOTAL FOR PAPER IS 75 MARKS
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